Abstract: In the framework of superfield formalism, we demonstrate the existence of a new local, covariant, continuous and nilpotent (dual-BRST) symmetry for the BRST invariant Lagrangian density of a self-interacting two (1 + 1)-dimensional (2D) non-Abelian gauge theory (having no interaction with matter fields). The local and nilpotent Noether conserved charges corresponding to the above continuous symmetries find their geometrical interpretation as the translation generators along the odd (Grassmannian) directions of the four (2 + 2)-dimensional compact supermanifold. * E-mail address: malik@boson.bose.res.in
Introduction
For the covariant canonical quantization of the (non-)Abelian gauge theories (endowed with the first-class constraints in the language of Dirac [1, 2] ), the Becchi-Rouet-StoraTyutin (BRST) symmetry [3, 4] plays a decisive role where unitarity and gauge invariance are respected together at any arbitrary order of perturbation theory. The BRST formalism is indispensable in the context of modern developments in topological field theories [5] [6] [7] and (super)string theories (see, e.g., Ref. [8] and references therein). Its elegant extension to include second-class constraints in its folds [9] , its mathematically consistent inclusion in the Batalin-Vilkovisky formalism [10, 11] , its geometrical interpretation in the framework of superfield formulation [12] [13] [14] [15] [16] , etc., have elevated the subject of BRST formalism to a level where physical ideas (connected with the gauge theories) and underlying mathematical concepts (related to the differential geometry and cohomology) have merged together in such a fashion that it has become an exciting and interesting area of research for the past many years. Recently, in a set of papers [17] [18] [19] [20] [21] , a possible connection between the local, continuous and covariant symmetries and their generators on the one hand and the de Rham cohomology operators † of differential geometry on the other hand, has been established in the Lagrangian formulation for the case of 2D free-as well as interacting (non-)Abelian gauge theories. Exploiting these symmetries, the topological nature of 2D free Abelianand self-interacting non-Abelian gauge theories (having no interaction with matter fields) has been demonstrated [22] . The existence of such kind of local symmetries has also been shown for the physical (3 + 1)-dimensional (4D) free two-form Abelian gauge theory [23] .
In the superfield approach [12] [13] [14] [15] [16] to BRST formalism for the p-form (p = 1, 2, 3.....) gauge theories, the curvature ((p + 1)-form) tensor is restricted to be flat along the Grassmannian directions of the (D + 2)-dimensional supermanifold, parametrized by D-number of spacetime (even) coordinates and two Grassmannian (odd) coordinates. This flatness condition, popularly known as horizontality condition ‡ , provides the origin for the existence of (anti-)BRST symmetry transformations and leads to the geometrical interpretation of the conserved and nilpotent (Q In this derivation, the super exterior derivatived and the Maurer-Cartan equation for the definition of the curvature tensor are exploited together for the imposition of the horzontality condition. In a recent paper [25] , all the three super de Rham cohomology operators, defined on the (2 + 2)-dimensional supermanifold, have been exploited to show the existence of (anti-)BRST-and (anti-)co-BRST symmetries as well as a bosonic symmetry for the case of a free 2D Abelian gauge theory in the framework of superfield formulation. The logical explanation for the existence of BRST-and co-BRST symmetries has been pointed out by exploiting the interplay between discrete and continuous symmetries [25] .
The purpose of the present paper is to show the existence of a new local, covariant, continuous and nilpotent symmetry for the 2D self-interacting non-Abelian gauge theory by exploiting the mathematical power of the super co-exterior derivative (δ) of the super de Rham cohomology operators. Hereδ = ± ⋆d⋆ is the super co-exterior derivative on the (2 + 2)-dimensional supermanifold with ⋆ as the Hodge duality operation. We show that the imposition of an analogue of the horizontality condition w.r.t. super cohomological operatorδ leads to the derivation of (anti-)co-BRST symmetry which is exactly identical to the corresponding symmetry discussed in the Lagrangian formulation alone [19, 22] . As the (anti-)BRST charges (Q b )Q b turn out to be the generators of translation along the Grassmannian directions of the supermanifold, in a similar fashion, the conserved and nilpotent
find their geometrical interpretation as the translation generators along the Grasmmannian directions of the (2 + 2)-dimensional supermanifold. We also demonstrate that there is a mapping between super cohomological operators and conserved charges of the theory as:
whereD is the super covariant derivative andÃ is the connection super one-form. Even though the anti-commutator of the (anti-)BRST-and (anti-)co-BRST symmetry transformations is a bosonic symmetry for the Lagrangian density, it is not possible to obtain this symmetry from the anti-commutator of operatorsD =d +Ã andδ. We argue about this problem and try to provide a mathematical reasoning for the absence of this symmetry for the non-Abelian gauge theory in the framework of superfield formulation.
The material of our paper is organized as follows. In Sec. 2, we briefly recapitulate the key points of our earlier works on self-interacting 2D non-Abelian gauge theory [19, 22] and set up the notations as well as conventions. Section 3 is devoted to a concise description of (anti-)BRST symmetries in the framework of superfield formulation [14, 15] . In Sec. 4, we exploit the super operatorδ (together with an analogue of the horizontality condition w.r.t. this operator) for the derivation of (anti-)co-BRST symmetries. Finally, in Sec. 5, we make some concluding remarks and discuss critically the mathematical reasons for the absence of a bosonic symmetry for the non-Abelian gauge theory (that exists naturally in the Abelian case [25] due to the Laplacian operator ∆ = dδ + δd).
2 Preliminary: (anti-)BRST-and (anti-)co-BRST symmetries Let us start off with the BRST invariant Lagrangian density L b for the self-interacting two (1 + 1)-dimensional § non-Abelian gauge theory in the Feynman gauge [24, [26] [27] [28] ]
1) § We follow here the conventions and notations such that the 2D flat Minkowski metric is:
c where α and β are the non-null vectors in the group space. Here the Greek indices: µ, ν, ρ... = 0, 1 correspond to spacetime directions.
where
a is the field strength tensor derived from the one-
where f abc are the structure constants that can be chosen to be totally antisymmetric in a, b, c (see, e.g., Ref. [28] for details). The Latin indices a, b, c... = 1, 2, 3... correspond to the group indices (in the colour space for the non-Abelian gauge theory). The anti-commuting 
The above Lagrangian density (2.1) respects the following off-shell nilpotent (s
¶ -and dual(co)-BRST (s d ) symmetry transformations [19, 22] 
3)
The anti-commutator of these nilpotent, local, continuous and covariant symmetries (i.e. s w = {s b , s d }) leads to a bosonic symmetry s w (s 2 w = 0) transformations [19, 22] 
under which the Lagrangian density (2.2) transforms to a total derivative * * . Besides BRST-and co-BRST symmetry transformations (2.3) and (2.4), there are anti-BRST-and anti-co-BRST symmetries that are also present in the theory. To realize these, one has to introduce another auxiliary fieldB (satisfying B +B = i C ×C) to recast the Lagrangian density (2.2) into the following forms [30] 
6a) ¶ We adopt here the notations and conventions of Ref. [28] . In fact, in its full glory, a nilpotent (δ 2 B = 0) BRST transformation δ B is equivalent to the product of an anti-commuting (ηC a = −C a η, ηC a = −C a η) spacetime independent parameter η and s b (i.e. δ B = η s b ) where s 2 b = 0. This symmetry has not been discussed in Ref. [29] where the nilpotent transformations (2.3) and (2.4) have been analyzed (without indicating their possible connections with the de Rham cohomology operators) on a compact Riemann surface. We thank Prof. N. Nakanishi for bringing to our notice Ref. [29] .
* * The Lagrangian density (2.1) transforms to a total derivative under the transformations:
. This observation will be discussed in Sec.5.
The Lagrangian density (2.6b) transforms to a total derivative under the following off-shell nilpotent anti-BRST (s b )-and (anti-)co-BRST (s d ) symmetry transformations [19, 22] 
8)
The anti-commutator of these nilpotent symmetries leads to the transformations equivalent to (2.5) (see, e.g., Ref. [19] ). All the above continuous symmetry transformations can be concisely expressed, in terms of the Noether conserved charges Q r [19, 22] , as 10) where brackets [ , ] ± stand for the (anti-)commutators for any arbitrary generic field Ψ being (fermionic)bosonic in nature. Here the conserved ghost charge Q g generates the continuous scale transformations:
B →B (where Σ is a global parameter). The local expression for Q r are given in Refs. [19, 22] .
Horizontality condition and (anti-)BRST symmetries
We begin here with a four (2 + 2)-dimensional compact supermanifold parametrized by the superspace coordinates Z M = (x µ , θ,θ) where x µ (µ = 0, 1) are the two even (bosonic) spacetime coordinates and θ andθ are the two odd (Grassmannian) coordinates (with θ 2 =θ 2 = 0, θθ +θθ = 0). On this supermanifold, one can define a supervector superfield V s with the following component multiplet superfields [14] [15] [16] 
where the group valued superfields
) and some extra secondary fields as follows
The expansions are along the odd (fermionic) superspace coordinates θ andθ and even (bosonic) (θθ) directions of the supermanifold. All the fields are local functions of spacetime coordinates x µ alone (i.e.,A µ (x, 0, 0) = A µ (x), C a (x, 0, 0) = C a (x) etc.). It is straightforward to see that the local fields
,s a (x) are fermionic (anti-commuting) in nature and the bosonic (commuting) local fields are:
a (x) in the above expansion so that bosonic-and fermionic degrees of freedom can match. This requirement is essential for the validity and sanctity of any arbitrary supersymmetric theory in the superfield formulation. In fact, all the secondary fields will be expressed in terms of basic fields due to the restrictions emerging from the application of "horizontality" condition on the super curvature (2-form) tensorF , defined through Maurer-Cartan equation, as 
where partial derivatives, with respect to superspace coordinates, are
Now we impose the "horizontality" condition onF . Mathematically, this amounts to the imposition of the following restriction [12] [13] [14] [15] [16] 
In words, this requirement implies the "flatness" of all the components of the super curvature (2-form) tensorF M N that are directed along the θ and/orθ directions of the supermanifold. More explicitly, this restriction requires setting of the coefficients of dx µ ∧ dθ, dx µ ∧ dθ, dθ ∧ dθ, dθ ∧ dθ, dθ ∧ dθ equal to zero. To achieve this, we expand the l.h.s. of (3.6) where the individual terms arẽ
Ultimately, the application of soul-flatness (horizontality) condition, in its gory details, leads to the following relationships [14, 15] which demonstrates that all the secondary fields can be expressed in terms of the basicand auxiliary fields of the Lagrangian density (2.6). Besides the above relations (3.9), the horizontality condition also leads to the systematic derivation of the relationship B +B = i (C ×C) [30] which results in from setting the coefficient of (dθ ∧ dθ) equal to zero.
The insertion of all the above values for R µ ,R µ , S µ , B,B, s,s in the expansion (3.2) leads to the derivation of (anti-)BRST symmetries for the non-Abelian gauge theory. In addition, this exercise provides the physical interpretation for the (anti-)BRST charges as the generators of translations along the Grassmannian directions of the supermanifold. Both these observations can be succinctly expressed, in a combined way, as [17] [18] [19] [20] [21] as D increases the degree of a form by one on which it operates. At this juncture, one noteworthy point is the fact that, after the imposition of the horizontality condition, the 2-form super curvatureF (x, θ,θ) for the Abelian gauge theory becomes an ordinary 2-form curvature (i.e.,F (x, θ,θ) = F (x)) [25] . The same does not hold good in the case of the non-Abelian gauge theory. In fact, even after the imposition of the horizontality condition, the 2-form super curvature tensorF = (dZ
However, the kinetic energy term of the Lagrangian density (2.1) remains intact: (i.e., − 1 4
This condition is trivially satisfied in the case of Abelian gauge theory whereF (x, θ,θ) = F (x) [25] .
Analogue of horizontality condition and (anti-)co-BRST symmetries
It is obvious from equation (3.6) that, on an ordinary 2D Minowskian flat spacetime manifold, the two-form
a for the non-Abelian gauge theory. The operation of the 2D dual exterior derivative δ = − * d * on the connection one-form A (i.e., δA = (∂ µ A µa T a ) leads to the definition of the gauge-fixing term of the Lagrangian density (2.1). It is interesting to note that the action of the operator Ω = − * D * (constructed from covariant derivative D = d + A and Hodge duality * operation) on the 1-form A (with * A = * (dx
also leads to the derivation of the gauge-fixing term. Of course, here we have used the fact that:
This argument persists with the super operators as well. Thus, for our all practical computations in this section, we shall concentrate on (super)operators (δ)δ and their operation on the connection super one-form (Ã)A for our discussion of analogue of the horizontality condition. Here, for the case of the (2 + 2)-dimensional supermanifold, the super co-exterior derivative is: δ = − ⋆d⋆. The Hodge duality ⋆ operation on the super differentials (dZ M ) and their wedge products (dZ
where s ′ s are symmetric (e.g., s θθ = sθ θ etc.). In the above we have collected only a few of the ⋆ operations. The other ⋆ operations can be computed in an analogous mannar. With these as the backdrop, we obtain the expression for the superscalar superfieldδÃ = −⋆d⋆Ã
It will be noted that we have dropped all the terms in the computation of (d ⋆Ã) which contain (i) more than two differentials in spacetime, and (ii) more than two differentials in Grassmannian variables. After this only, we have applied another ⋆ operation on it. Now we exploit the analogue of the horizontality condition w.r.t.δ (i.e.,δÃ = δA) which is nothing but equating the r.h.s. of equations (4.1) and (4.3). In other words, we set the coefficients of s θθ , sθθ, s θθ equal to zero. The ensuing restrictions on the superfields are
Exploiting the expansions (3.2), it can be checked that the above restrictions lead to 5) and the following conditions on the component fields of B µ (x, θ,θ)
In terms of solutions (4.5) and R
, the superfield expansion (3.2) can be re-expressed as
(4.7)
Exploiting equations (2.4) and (2.9), we can write the above expansion in a form similar to (3.10) . The resulting expansion, in terms of (anti-)co-BRST symmetries, is [25] as there are no structure constants f abc anywhere in (4.5). In contrast, the form of the solutions in (3.9) do reflect the nontrivial generalization of the Abelian transformations [25] to the non-Abelian (anti-)BRST transformations. (viii) The expresions for R µ andR µ in (3.9) and (4.5) are such that the kinetic energy-and gauge-fixing terms of (2.1) remain invariant under (anti-)BRST-and (anti-)co-BRST symmetries, respectively.
For the (anti-)co-BRST symmetries the mapping is:δ ⇔ (Q d ,Q d ) but the ordinary co-exterior derivative δ is identified with Q d alone because it decreases the ghost number of a state by one [19, 22] as δ reduces the degree of a given form by one on which it operates.
Discussion
We have shown the existence of the local, covariant, continuous and nilpotent (anti-)BRSTand (anti-)co-BRST symmetries by exploiting the mathematical power of super operators D =d +Ã andδ together with the ldea of the generalized version of the "horizontality" condition [12] [13] [14] [15] [16] . In the framework of Lagrangian density alone, these symmetry transformations have been obtained in equations (2.3), (2.4), (2.8) and (2.9). In fact, there are six local, covariant, and continuous symmetry transformations in the theory which have been discussed in Sec. 2. They obey the following algebra:
which is reminiscent of the algebra obeyed by the ordinary de Rham cohomology operators [31] [32] [33] [34] of differential geometry (see, e.g., one of the foot-notes in Sec.1) defined on the flat ordinary compact manifold. In fact, for the free Abelian (two-dimensional one-form as well as four-dimensional two-form) gauge theories, it has been shown [17, 18, 22, 23] that there is one-to-one correspondence between local symmetry transformations for the Lagrangian density (and corresponding generators) on the one hand and the de Rham cohomology operators (d, δ, ∆) on the other hand. The existence of a discrete symmetry for the Lagrangian density has been shown to correspond to the Hodge ( * ) duality operation of the differential geometry. In our recent work [25] , we have exploited the mathematical power of super de Rham cohomology operators (d,δ,∆ =dδ +δd) to demonstrate the geometrical origin for the (anti-) BRST-and (anti-)co-BRST charges as the translation generators along the Grassmannian directions of the (2 + 2)-dimensional supermanifold. A bosonic symmetry (which is equivalent to the anti-commutator of these two nilpotent symmetries) is shown to correspond to the translation along the bosonic θθ-direction (equivalent to a couple of intertwined Grassmannian directions) of the supermanifold. The bosonic generator for this symmetry is shown to owe its origin to the Laplacian operator. In fact, the Hodge decomposed versions for the 2D vector fields (i.e.,R µ ,R µ , S µ ) emerge very naturally when we exploit the Laplacian operator to show the existence of the bosonic symmetry by requiring the fermionic fields (R µ ,R µ , s,s)-as well as auxiliary fields (B,B, B,B) to be zero in the expansion (3.2). This trick does not work in the case of non-Abelian gauge theory because the mathematical operators (we are dealing with) are: D = d + A and Ω = − * D * ≡ δ. These operators do not form a closed algebra. In contrast, for the Abelian case, the de Rham cohomology operators (d, δ, ∆) do close among themselves. In addition, there is no analogue of the Hodge duality ( * ) operation as a discrete symmetry transformation for the case of non-Abelian gauge theory. Thus, even though the 2D self-interacting non-Abelian gauge theory is a topological field theory [22] (like 2D free Abelian gauge theory), it is not an exact field theoretical model for the Hodge theory. In fact, when we exploit the analogue of the horizontality condition w.r.t. the super operatorδD +Dδ, namely;
we do not obtain the Hodge decomposed version for the 2D vector fields (R µ ,R µ , S µ ). Furthermore, neither of the bosonic symmetries s w (or its on-shell equivalents w ) emerge from the above condition. In fact, it can be also clearly seen that the following horizontality restrictions with operatorsΩ = − ⋆D⋆ andD =d +Ã
do not lead to the derivation of the bosonic symmetry s w (or its on-shell equivalents w ) by invoking the requirements: R µ =R µ = s =s = 0 and B =B = B =B = 0. On the contrary, for the 2D free Abelian one-form gauge theory [25] , we have demonstrated that the analogue of the horizontality condition∆Ã = ∆A leads to the derivation of the on-shell versions w (of the bosonic symmetry s w ) which is consistent with the Hodge decomposition of the 2D vectors R µ andR µ . At the moment, it is an open problem to find out the mathematical resolution for the existence of the bosonic symmetry s w (or its equivalents w ) for the 2D non-Abelian gauge theory. It will also be important to express the topological features of these 2D theories in the language of the geometrical superfield formulation. These are some of the issues that are under investigation and our results will be reported elsewhere [35] .
